Magic-angle twisted bilayer graphene (MA-tBLG) has appeared as a tunable testing ground to investigate the conspiracy of electronic interactions, band structure, and lattice degrees of freedom to yield exotic quantum many-body ground states in a two-dimensional Dirac material framework. While the impact of external parameters such as doping or magnetic field can be conveniently modified and analyzed, the all-surface nature of the quasi-2D electron gas combined with its intricate internal properties pose a challenging task to characterize the quintessential nature of the different insulating and superconducting states found in experiments. We analyze the interplay of internal screening and dielectric environment on the intrinsic electronic interaction profile of MA-tBLG. We find that interlayer coupling generically enhances the internal screening. The influence of the dielectric environment on the effective interaction strength depends decisively on the electronic state of MA-tBLG. Thus, we propose the experimental tailoring of the dielectric environment, e.g. by varying the capping layer composition and thickness, as a promising pursuit to provide further evidence for resolving the hidden nature of the quantum many-body states in MA-tBLG.
Introduction. Stacking two graphene layers at a twist angle θ on top of each other leads to twisted bilayer graphene (tBLG) featuring a moiré pattern with an intricate emergent low-energy electronic structure. For small twist angles θ < 2
• , the resulting superlattices host several thousand atoms per unit cell. In this situation, the electronic bands around the charge neutrality point (CNP) become very flat [1, 2] , which facilitates strong correlation effects. Recent experiments [3] [4] [5] [6] reported the emergence of possibly unconventional superconducting and insulating states in magic-angle tBLG (MA-tBLG) at different levels of doping. The insulating states occur for commensurate fillings at both electron and hole dopings [3, 5] , signaling a possible MottHubbard origin [7] [8] [9] . Around these insulating states, superconductivity emerges [4, 5] , resembling the phase diagram of high-T c cuprate superconductors [10, 11] and other unconventional superconductors [12, 13] . Different models [7] [8] [9] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] have been proposed to understand the physics behind these insulating and superconducting states.
Electronic correlations in ultrathin systems such as MA-tBLG depend decisively on the effective electronelectron interaction profile, which is determined by a delicate interplay of screening processes taking place in the dielectric environment and the material itself [32] [33] [34] . The profile of the effective electron-electron interactions presents a central uncertainty in the current understanding of MA-tBLG.
In this Letter, we provide a quantitative study of the internal polarizability and effects of the dielectric environment on the effective electron-electron interaction in MA-tBLG. We consider MA-tBLG in dielectric surroundings, see Fig. 1(a-b) , directly resembling different experimental setups: (a) MA-tBLG is separated by possible hexagonal boron nitride (hBN) encapsulation from a dielectric environment (ε 2 ) at distance d below and above. The case of a metallic gate at a certain distance d from MA-tBLG is included in this analysis for ε 2 → ∞. (b) The special case of the dielectric ε 2 in direct contact with MA-tBLG as realized for d = 3.35Å. Our main findings are: (1) intrinsic screening in MA-tBLG is enhanced by interlayer coupling and is larger than previously assumed in the model of uncoupled graphene double layers [3, 7, 17, 23, [35] [36] [37] [38] [39] , (2) in a possible Mott insulating phase, the effective interaction can be modulated on the order of 50% by changing the dielectric environment, and (3) metallic states of MA-tBLG are mostly insensitive to the dielectric environment. Finally, a generically applicable, realistic, and yet simple model of the effective electron-electron interaction in MA-tBLG setups as depicted in Fig. 1 is provided.
Internal screening. As a first step, we calculate the intrinsic polarization function of MA-tBLG in the random phase approximation (RPA) using the low-energy continuum model for the electronic bands of tBLG from Refs. [2, 7] . In this model [40] , two sets of Dirac electron bands originating from the lower and the upper graphene layers hybridize due to the interlayer coupling, which is modulated with the periodicity of the moiré superlattice (c.f. Fig. 1(c) ). In reciprocal space, there is correspondingly a coupling between Dirac electron states at each k vector in one layer with states at k+G in the other layer, where G is a reciprocal lattice vector associated with the Dielectric ε2 in direct contact with MA-tBLG as described by d = 3.35Å, which is the interlayer distance of BLG and hBN [33] . (c) In the moiré pattern of MA-tBLG, AA and AB/BA regions can be recognised according to the stacking of the atoms in each graphene layer. The moiré lattice constant λ corresponds to the distance between adjacent AA regions, and is 134Å for the first magic angle. (d) The reciprocal space is broken up into the hexagonal mini Brillouin zones (BZ) associated with the moiré real-space superlattice. The reciprocal lattice is spanned by the reciprocal lattice vectors G
(1) Here, g s = g v = 2 are the spin and valley degeneracy factors, S M = √ 3λ 2 /2 is the moiré unit cell area, where λ ≈ 134Å is the moiré lattice constant, N = 100 is the number of k points, α and β encode the sublattice (A 1 , B 1 , A 2 and B 2 ) and band indices [40] , G 2 , G 2 , G and G are reciprocal lattice vectors, f α k and E α k are, respectively, the Fermi function and the band energy of α at k, η = 0.5 · 10 −6 − 10 −8 eV is the broadening parameter, and we consider the temperature T ≈ 50 K (inverse temperature β = 200 eV −1 ) to calculate the Fermi functions f α k in Eq. (1) [40] . Π 0 is thus given in units of eV −1Å −2 . The overlap matrix M results from the Dirac spinor plane wave expansion coefficients c
We then study the internal screening in MA-tBLG for two possible scenarios: first, screening according to the RPA, which assumes MA-tBLG to be in a conventional metallic state; second, a scenario resembling insulating states which are modeled within the so-called constrained RPA (cRPA) [42] . In the cRPA, polarization processes taking place inside the low-energy flat bands are excluded from Eq. (1) by setting f α k = 1 2 for all states α from this low-energy sector. The resulting cRPA partially screened interactions are those which should be considered in effective Hamiltonians solely dealing with the low-energy flat bands, and correspond also to the screened interactions that would be expected if electronic correlations suppress low-energy polarization processes like in a Mott insulator. Fig. 2 compares the RPA and cRPA polarization functions [40, 43] for MA-tBLG to the case of uncoupled tBLG, where the interlayer coupling is neglected. Uncoupled tBLG hosts 8 flavors of ideal Dirac fermions due to spin g s = 2, valley g v = 2, and layer degeneracy g l = 2 resulting in a linearly-q dependent polarization function [44]:
where v F is the Fermi velocity. For q < G M , the intrinsic polarization functions of MA-tBLG, both in RPA and cRPA, systematically exceed the uncoupled tBLG model. Intrinsic screening is, thus, significantly larger in MA-tBLG than previously assumed [3, 7, 17, 23, [35] [36] [37] [38] [39] . Only at larger momentum transfer q 1.5G M ≈ 0.08Å −1 , the RPA and cRPA polarization functions of MA-tBLG approach values corresponding to the uncoupled model. This behavior can be understood from the interplay of intra-and interlayer coupling: at sufficiently large momentum transfer q > G M , the intralayer coupling v F |q| 0.3 eV dominates over the interlayer one. At q < G M , however, the interlayer coupling cannot be neglected. In the RPA model, i.e. in the metallic case, the enhancement of screening for q < G M is due to the high density of states (DOS) around the Fermi level originating from the flat bands. In the cRPA screening processes inside flat bands are excluded, which explains why the polarization function is smaller than in the RPA case.
Still, the cRPA polarizability is clearly enhanced as compared to the uncoupled case for q < G M . This can be understood as follows: While polarization processes taking place entirely inside the flat band manifold are excluded in cRPA, gapped transitions between states associated with peaks in the DOS, e.g. between the flat bands and higher energy states with corresponding peaks in the MA-tBLG DOS around E ≈ ±20 meV and ±60 meV [40] are possible. These gapped transitions are reminiscent of atomic systems. The hydrogen atom, as simplest example, would yield a q-dependent polarizability of the form Π
, where the parameter b is an effective inverse orbital radius. Superimposing this quasi-atomic model Π H 0 with a Dirac electron background capturing all higher energy processes leads to the ansatz: While screening in MA-tBLG has been often approximated in terms of uncoupled tBLG [3, 7, 17, 23, [35] [36] [37] [38] [39] , an alternative point of view is that MAtBLG is a patchwork of AA and AB stacked bilayer graphene (BLG) regions. For q G M /2 the MAtBLG polarizability fits, indeed, into the range marked by the low-energy density of states (DOS) of AA BLG, N AA (E F ) = 0.0158 eV −1Å −2 , and AB BLG,
. Further below we show that the AB BLG model gives good estimates for the effective local interactions when compared with the cRPA. On physical grounds, our results for the polarization function show that MA-tBLG can be seen as a flat band system embedded in an almost metallic background generated by the higher energy bands, which are separated by approximately 15 meV from the low-energy flat bands [40] .
Dielectric engineering. We now assess the possibilities for dielectric engineering of MA-tBLG in experimental setups as shown in Fig. 1(a-b) . The screened interaction is
where V (q) = 2πe 2 /q is the bare interaction and ε(q) = ε env (q) + V (q)Π 0 (q) is the dielectric function [44] . The latter accounts for the screening resulting from the electrons in the bands of MA-tBLG via Π 0 (q) plus the screening produced by the dielectric surrounding and higher energy bands of MA-tBLG summarized in ε env (q). In the setups from Fig. 1 , the background dielectric function reads [33] 
where we approximated ε 1 ≈ 4 [44] andε 2 = (ε 1 − ε 2 )/(ε 1 + ε 2 ). Together with the polarizability Π 0 (q) obtained either numerically in cRPA from Eq. (1) or conveniently from the fit of Eq. (4), Eqs. (5) and (6) specify the appropriately screened interaction of MA-tBLG in different dielectric surroundings, which should be incorporated in interacting electron models of the low-energy flat bands.
To illustrate the influence of the dielectric surrounding on the effective interaction in MA-tBLG in terms of a single descriptor [47], we consider an effective local interaction U obtained by Fourier transformation of W (q):
Here, the cutoff q c relates to the 2D radial spread r W F of the Wannier functions (WF) constructed from the MAtBLG low-energy bands: q c ≈ π/r W F . We choose r W F to be half of the moiré lattice constant λ, hence q c ≈ 0.047Å −1 . Fig. 3(a) shows the influence of the dielectric environment ε 2 on U , where we assume that the surrounding dielectric is in direct contact with MA-tBLG (c.f. Fig.  1(b) ). Assuming a metallic state of MA-tBLG as in the RPA model, the dielectric environment has barely any effects, and U remains almost constant around 10 meV. This insensitivity of metallic states in MA-tBLG to the dielectric surrounding is due to a high intrinsic polarizability which masks any environmental polarizabilities (c.f. RPA curves in Fig. 2 and Fig. S3 of the supplemental material [40] ).
On the other hand, the cRPA estimated U varies from 40 meV to ≈ 20 meV when ε 2 increases. Interestingly, 40 meV is approximately the splitting of the upper and lower Hubbard bands when a gap is opened at the CNP, as recently measured in scanning tunneling spectroscopy (STS) [6] . Besides its relevance for low-energy effective Hamiltonians, the cRPA solution resembles the fully screened interaction in certain insulating states, where screening from the low-energy states is suppressed. In this situation the dielectric environment can modify the effective interaction U up to ≈ 40 − 50 %.
The influence of the metallic gate (ε 2 → ∞) at a distance d from MA-tBLG (c.f. Fig. 1(b) ) on the effective local interaction U is shown in Fig. 3(b) . In an insulating state (cRPA case), the influence of the metallic gate is strong if the distance from MA-tBLG is on the order of d 20Å. In this case, U is reduced by a factor of two when approaching the gate from d ∼ 30Å to d ∼ 10Å. The fact that the metallic gate has to be as close as d 20Å, which is much smaller than the moiré lattice constant (134Å), in order to see any substancial effect on U even in the cRPA / insulating case is due to MA-tBLG being a flat-band system embedded in an already almost metallic background. In the RPA case, the metallic gate has again a much smaller effect on U . Only for metallic gates very close to MA-tBLG (d ≈ 3.35Å), U is reduced from 10 meV to 5 meV. Thus, in metallic states of MA-tBLG (RPA case), metallic gates can only influence the electron-electron interactions due to external screening if they are very close to the MA-tBLG, and a possible hBN spacer separating the gate from the MA-tBLG should be as thin as a monolayer. The dependence of the effective local cRPA screened interaction U on the dielectric surrounding ε 2 and its distance d from MA-tBLG is summarized in Fig. 3(c) . U can be reduced from 40meV (free standing case) to 10meV (strong screening environment) if the surrounding dielectric gets sufficiently close d 20Å.
Additionally to the RPA and cRPA numerics according to Eq. (1), we also propose simple approximate forms to calculate screened Coulomb interaction matrix elements. First, by choosing the expression of Eq. (4) for the polarizability, we reproduce also the effective cRPA screened local interaction quite accurately. Even more simplistically, Fig. 3 also shows that screening based on the DOS of AB BLG provides us with a good estimate for U in the cRPA case.
Summary. We have shown that the sensitivity of the interaction profile in MA-tBLG to the dielectric environment depends decisively on the quantum state of the electrons in the low-energy flat-band manifold. Currently, the nature of the insulating states at half-filling, of superconductivity near half-filling, and of the gaps measured in STS at charge neutrality are major open problems in the understanding of MA-tBLG. What would an experimentally detected significant influence of the dielectric surrounding on spectral, thermodynamic, or transport properties in any of these phases imply? Based on our results any strong influence of the external dielectric means that charge screening in the low-energy bands is substantially suppressed as compared to a conventional metallic state as assumed in RPA. That is hardly possible for insulating or any kind of ordered states resulting from a weak coupling instability, which affect only a small sector of states in the vicinity of the non-interacting Fermi surface. Thus, significant impact of external dielectrics on correlated insulating states implies that they are at strong coupling in the sense that states from the entire mini-BZ contribute significantly. Similarly, any impact of the dielectric surrounding on superconductivity implies strong coupling physics at work, and possibly hints at an unconventional origin.
Currently, there are arguments in favor and against strong coupling physics governing different parts of the MA-tBLG phase diagram. On the pro side, is the ratio of effective interactions and bandwidth: in case of partial screening as described in cRPA, the effective interaction largely exceeds the bandwidth, which is suggestive of strong coupling. In line with a strong coupling scenario, close to charge neutrality, STS further measured "gaps" on the scale of several 10 meV [6] and transport experiments reported suppression of conductance around charge neutrality being robust against temperature and magnetic fields [3, 5] . At and around half-filling, the situation is more complex: the generic shape of the phase diagram in this region appears to exhibit similarities to the cuprate high-T c superconductors, which might be seen as an indication pro strong coupling physics. At half filling, however, the insulating states are fragile, i.e. they are easily destroyed by magnetic fields (B ∼ 5 T) and temperature (T ∼ 4 K), in line with gaps that are small (∆ ∼ 0.3 meV) [3, 5] . All these energies are at least an order of magnitude smaller than the expected width of the flat bands, and would be consistent with a weak coupling scenario. Experimental studies of the response of MA-tBLG to changes in the surrounding dielectric will thus be useful to distinguish between strong-and weakcoupling scenarios, and to pinpoint the nature of the different quantum many-body states in MA-tBLG.
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is given in the Supplemental Material [40] . The diagonal matrix elements of Π 
SUPPLEMENTAL MATERIAL
In section 1 of this Supplemental Material, we give a short description of the low-energy continuum model developed in Refs. [2, 7] for tBLG and employed here. We show the band structure and the DOS around the CNP for the first magic angle 1.05
• . In section 2, we discuss the matrix structure of the polarization operator given in Eq. (1) as obtained in RPA and cRPA. Section 3 analyzes the dielectric function ε(q) of MA-tBLG in different dielectric environments. Finally, section 4 discusses the temperature dependence of the polarization functions in RPA and cRPA. • for valley ξ = + for MA-tBLG (red) as derived from the low-energy continuum model, and for uncoupled tBLG (dashed black). The DOS shown here is per valley and spin degrees of freedom.
In Fig. S1 , we show the band structure and the DOS of MA-tBLG for the first magic angle 1.05
• , as well as its comparison with uncoupled tBLG. The flat bands with bandwidth W ≈ 7 meV, as well as the higher energy bands separated by gaps of the order of 10 meV from the flat bands are well reproduced.
In cRPA, polarization processes taking place inside the flat band manifold are excluded. However, gapped transitions between states associated with peaks in the DOS, e.g. between the flat bands and higher energy DOS peaks around, are still possible. These gapped transitions are reminiscent of the atomic systems such as the hydrogen atom. The q-dependent polarizability from transitions between hydrogen s and p-orbitals reads [45]
where b is an effective inverse orbital radius. Superimposing this quasi-atomic model with a Dirac electron model capturing all higher energy processes leads to the ansatz of Eq. (4) from the main text. As shown in the main text, this ansatz yields a very good fit of the polarization function in the cRPA case.
POLARIZATION MATRIX
Fig . S2 shows the polarization matrix Π G,G 0 (q) for q → Γ, K and M as obtained in RPA and cRPA using G c = 2. In the cRPA case (top row of Fig. S2 ), the diagonal elements are the leading elements for all q. In the RPA case (bottom row of Fig. S2 ), local field effects, i.e. off-diagonal matrix elements of Π G,G 0 (q) with G = G , become progresively more important when q is close to the mini BZ boundaries. However, the diagonal elements are still largest for small q, which is the decisive region of q-space to determine the impact of substrate screening effects.
DIELECTRIC FUNCTION FOR tBLG
The screening of Coulomb interactions is encoded in the dielectric function ε(q) = ε env (q) + V (q)Π(q), where ε env (q) as given in Eq. (6) of the main text accounts for the different dielectric environments (c.f. Fig. 1 of the main text). We neglected local field effects in the study of the dielectric function which is well justified at all q in the cRPA case and at small q, which are most relevant here, also in the RPA case (c.f. section 2 of the supplement). Fig. S3 shows the dielectric functions for the cRPA (top row) and RPA (bottom row) for MA-tBLG in different dielectric environments ε 2 at different distances d = 3.35, 10 and 20Å.
In the RPA case, the intrinsic screening is strong. Hence, the dielectric environment has a small effect, as seen in Fig. S3 . In the cRPA case, the dielectric environment affects the screening in a considerable q-range covering e.g. the whole first mini BZ if the dielectric / metallic gate is as close as d 10Å. These behaviors connect with Fig. 3 of the main text, where we have shown that the effective local interaction remains almost unaffected by the dielectric surrounding in the metallic state (RPA case) but can vary up to 40 − 50% in the Mott insulating state (cRPA case).
TEMPERATURE DEPENDENCE OF THE POLARIZATION FUNCTION
Fig . S4 shows the temperature dependence of the polarization function Π 0 (q) as calculated in the RPA and cRPA according to Eq. (1) of the main text. We compare T ≈ 50 K (inverse temperature β = 200 eV −1 ) and T ≈ 10 K (β = 1000 eV −1 ). In the cRPA, Π 0 (q) is essentially temperature independent in this range due to the fact that cRPA models an effectively gapped system. In contrast, the RPA polarizability is strongly temperature dependent: in RPA, Π 0 (q) increases as the temperature is lowered, which is understandable from the band width of the low energy flat bands being on the order of only a few meV. These results confirm the conclusions drawn in the main text: in cRPA, the system is sensitive to the dielectric environment essentially independently of the temperature. In RPA, on the other hand, the system is not affected by the surrounding dielectrics due to strong internal screening. This statement holds already at T = 50 K as discussed in the main text and becomes even more pronounced at smaller temperatures as can be seen in Fig. S4(a) . , orange line) from Eq. (3) of the main text. Gc is set to 4. In the cRPA case, the polarization function is essentially temperature independent and the curves for β = 200 eV −1 and β = 1000 eV −1 are on top of each other.
